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Abstract

A general equation for the dipolar correlation function, to be used to analyze various kinds of independent internal motions,

described by some correlation times tcm (m ¼ 1; 2yk), has been obtained. The obtained expression has been used to analyze the

temperature dependencies of different NMR measured values: second moment: spin–lattice relaxation times; amplitude of solid

echoes signals.
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1. Introduction

The investigations of thermally activated molecular or
atom internal motions in solids are important applica-
tions of nuclear magnetic resonance (NMR) method. At
the present time there are a great number of papers
describing the calculations of the different NMR values
measured in solids with internal mobility. Experimental
NMR values are usually the second moment of NMR
line, spin–lattice relaxation rates in the laboratory and
rotating frames, the time position and amplitude of the
solid echo [1–15]. All of these values are governed in the
polycrystalline sample by the dipolar correlation func-
tion [15–17]

hðt00; t0Þ ¼ W
X

i;j

aijðt00Þaijðt0Þ; ð1Þ

where

W ¼ 3

4
g4_2IðI þ 1Þ 1

N
; ð2Þ

and

aijðt0Þ ¼ R�3
ij ðt0Þ½1� 3 cos2 yijðt0Þ	: ð3Þ
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In Eq. (1) the upper bar denotes the average of the
value aijðt00Þaijðt0Þ on the random motions of spin-pair
i � j: In Eq. (2) g and I are the gyromagnetic ratio and
nuclear spin, respectively. In Eq. (3) Rij and yij are the
spherical coordinates of spin-pair i � j vector ~RRij in the
laboratory frame where the vector of the external
magnetic field is parallel to z-axis.
In the case of the simple model of the single motion

with one correlation time tc the dipolar correlation
function hijðt00; t0Þ has the form [9,15]

hð tj jÞ ¼ %M2 þ DM2 exp � tj j
tc

� �
; ð4Þ

where t ¼ t00 � t0:
In Eq. (4)

%M2 ¼ W
X

i;j

ð %aijÞ2 ð5Þ

is the second moment of motionally narrowed NMR
line [15] and

DM2 ¼ M2 � %M2: ð6Þ

In Eq. (6)

M2 ¼ W
X

i;j

a2ij ð7Þ

is the second moment of NMR line in rigid lattice [15].
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Fig. 1. Schematic representation of the possible lattice sites Os1s2 ¼
Os1Os2 of the two nuclei i and j of the molecular group undergoing two

independent thermally activated motions. The first dynamical process is

the jumps of the two nuclei i and j of the given molecular group among

three lattice sites Os11; Os12; Os13; where index s1 ¼ 1; 2; 3 defines the

lattice sites of molecule in lattice; the second dynamical process contains

the jumps of whole molecule between three sites of molecule in lattice

O1s2 ; O2s2 ; O3s2 ; where index s2 equals independently to 1, 2, 3.
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Often in solids the internal mobility of molecular
groups is not a single motion with one correlation time
tc: For example a NH4 group in NH4Cl rotates about its
threefold and twofold symmetry axes and these complex
motion is not described by single correlation time. For
those complex motions, it is often used in literature
Eq. (4) as approximation with a single correlation time,
which is equal to the sum of the inverse of the
correlation times of the constituent motions (see
discussions in Ref. [6])

t�1c ¼
X

k

t�1ck : ð8Þ

Here tck is the correlation time of the kth type of
internal motion.
However, it has been shown in [6], that this

approximation is not valid for the molecular reorien-
taions into asymmetric two potential wells and three
potential ones.
The main purpose of this paper is to derive the general

equation for the dipolar correlation function (1), which
can be used to analyze various kinds of internal
motions, described by some correlation times. Our
equation is not restricted to two-site or three site
potential wells and it can be applicable not only for
the case of molecular group reorientations, but also for
the case of atom or molecular diffusion. It should be
note, that in this paper we consider only the classical
models of molecular motions. The problem of quantum
rotations in NMR was discussed in [18–21].
2. Theory

In order to calculate the correlation function
hijðt00; t0Þ ¼ aijðt00Þaijðt0Þ we consider the following model
of the molecular motion in solids. The two nuclei i and j

are the nuclei of given molecular group (for example
protons of the CH3, NH3 groups). The molecular group
undergoes k independent thermally activated motions
among discrete lattice sites Os1s2ysk

� Os1Os2yOsk
: In

each lattice sites defined by indices sm (m ¼ 1; 2yk) the
molecular group undergo thermally activated jumps
between nm lattice sites sm; s0m; s00my: As example the
possible lattice sites Os1s2 ¼ Os1Os2 of the two nuclei i

and j of the molecular group undergoing two indepen-
dent thermally activated motions are shown in Fig. 1.
The correlation function hðt00; t0Þ can be written as [15]:

hðt00; t0Þ ¼W
X

i;j

X
s1;y;sk ;s

0
1
;y;s0

k

P½Os1s2;y;sk
ðt00ÞOs0

1
s0
2
ys0

k
ðt0Þ	

� aijðOs1s2ysk
ÞaijðOs0

1
s0
2
ys0

k
Þ: ð9Þ

Here P½Os1s2ysk
ðt00ÞOs0

1
;s0
2
ys0

k
ðt0Þ	 is the probability that

at time t ¼ t00; the random function aijðtÞ is equal to
aijðOs1s2ysk

Þ and at time t ¼ t0; the random function aijðtÞ
is equal to aijðOs0

1
s0
2
ys0

k
Þ: In Eq. (9) indices sm and s0m
(m ¼ 1; 2yk) denote the different lattice sites for the mth
thermally activated process.
Because we assume that k thermally activated motions

are independent then the probability P½Os1s2ysk
ðt00Þ

Os0
1
s0
2
ys0

k
ðt0Þ	 can be factorized and we can write Eq. (9) as

hðt00; t0Þ ¼W
X

i;j

X
s1;y;sk ;s

0
1
;y;s0

k

Yk

m¼1
P½Osm

ðt00ÞOs0mðt
0Þ	

� aijðOs1s2ysk
ÞaijðOs0

1
s0
2
ys0

k
Þ: ð10Þ

Here P½Osm
ðt00ÞOs0mðt0Þ	 is the probability that at time

t ¼ t00; the molecular group occupied the lattice position
Osm

and at time t ¼ t00; this group is in the lattice position
Os0m : The probability P½Osm

ðt00ÞOs0mðt0Þ	 describes the mth
(m ¼ 1; 2yk) thermally activated process from k in-
dependent motions.
If we assume that the random process describing the

molecular motions in solids is stationary Markov
process then for the simple model of the molecular
motion between the equivalent potential wells, the
probability P½Osm

ðt00ÞOs0mðt0Þ	 is equal [9,10,15]

P½Osm
ðt00ÞOs0mðt

0Þ	 ¼ 1

nm

1

nm

1� exp � t

tcm

� �� ��

þexp � t

tcm

� �
dsms0m

�
: ð11Þ

Here nm is the number of lattice sites for the mth
thermally activated process. tcm is the correlation time
for this process. In Eq. (11) t ¼ t00 � t0j j:
Inserting Eq. (11) into Eq. (10) we obtain the finish result

hðtÞ ¼
X

i;j

X
s1;y;sk ;s

0
1
;y;s0

k

Yk

m¼1

1

nm

1

nm

1� exp � t

tcm

� ���

þexp � t

tcm

� ��
dsms0m

�
aijðOs1s2ysk

ÞaijðOs0
1
s0
2
ys0

k
Þ:

ð12Þ
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As example using the obtained Eq. (12) we consider the
case of two independent type of molecular motion. In this
case from Eq. (12) we have

hðtÞ ¼ 1� exp ð� t

tc1
Þ � exp � t

tc2

� ��

þexp � 1

tc1
þ 1

tc2

� �
t

� ��

� W
X

i;j

1

n2

Xn2

s2¼1

1

n1

Xn1

s1¼1
aijðOs1s2Þ

" #2

þ exp ð� t

tc1
Þ � exp � 1

tc1
þ 1

tc2

� �� �� �

� W
X

i;j

1

n1

Xn

s1¼1

1

n2

Xn2

s2¼1
aijðOs1s2Þ

" #2

þ exp � t

tc2

� ��
�exp � 1

tc1
þ 1

tc2

� �
t

� ��

� W
X

i;j

1

n2

Xn2

s2¼1

1

n1

Xn1

s1¼1
aijðOs1s2Þ

" #2

þ exp � 1

tc1
þ 1

tc2

� �
t

� �

� W
X

i;j

1

n2

Xn2

s2¼1

1

n1

Xn1

s1¼1
a2ijðOs1s2Þ: ð13Þ

It should be note that in Eq. (13) nuclei i and j may be
also the nuclei of different mobile molecular group.
If the lattice sites Os1s2 are the sites which there are in

the rigid lattice, then

M2 ¼ W
X

i;j

a2ijðOs1s2Þ ð14Þ

is the second moment of NMR line in rigid lattice;

M2 ¼ W
X

i;j

1

n1

Xn1

s1¼1
aijðOs1s2Þ

" #2
� W

X
i;j

ðaijÞ
2
; ð15Þ

is the second moment of motionally narrowed NMR
line by the first dynamic process (for example, by the
reorientation of molecule around the symmetry axes);

M2 ¼ W
X

i;j

1

n2

Xn2

s2¼1
aijðOs1s2Þ

" #2
� W

X
i;j

ðaijÞ2; ð16Þ

is the second moment of motionally narrowed NMR
line by the second dynamic process (for example, by the
‘‘diffusion’’ of the whole molecule);

/M2S ¼W
X

i;j

1

n2

Xn2

s2¼1

1

n1

Xn2

s1¼1
aijðOs1s2Þ

" #2

¼W
X

i;j

/aijS2; ð17Þ

is the second moment of motionally narrowed NMR
line by the first and second dynamic processes, Eq. (13)
may be written in the form

hðtÞ ¼/M2Sþ ðM2 �/M2SÞ exp � t

tc1

� �

þ ðM2 �/M2SÞ exp � t

tc2

� �

þ ðM2 þ/M2S� M2 � M2Þ

� exp � 1

tc1
þ 1

tc2

� �
t

� �
: ð18Þ

From Eq. (18) it follows that if we have only one
dynamical process (tc2 ¼ N), then M2 ¼ M2; /M2S ¼
M2 and

hðtÞ ¼ M2 þ ðM2 � M2Þexp � t

tc1

� �
: ð19Þ

Obtained Eq. (19) fully coincides with Eq. (4).
From comparison of Eqs. (18) and (19) it follows that

in the case of complex motions in solids we cannot use
function (19) replacing t�1c1 on t�1c3 ¼ t�1c1 þ t�1c2 [6].
Now we consider the examples of applications of

Eq. (18) to calculations of different NMR measurement
values.
3. The temperature dependence of second moment of

NMR line

The temperature dependence of the second moment of
NMR line is determined by equation [2,14,15]

M2ðTÞ ¼ 1

2p

Z do

�do
J0ðoÞ do: ð20Þ

In Eq. (20) the function of the spectral density J0ðoÞ is
determined by the equation

J0ðoÞ ¼
Z

N

�N

hð tj jÞexp ðiotÞ dt: ð21Þ

Inserting Eq. (18) into Eq. (21) we have

J0ðoÞ ¼
Z

N

�N

hðtÞ dt ¼ /M2Sdð0Þ þ ðM2 �/M2SÞ

� 2tc1
1þ ðotc1Þ2

þ ðM2 �/M2SÞ

� 2tc2
1þ ðotc2Þ2

þ ðM2 þ/M2S

� M2 � M2Þ
2tc3

1þ ðotc3Þ2
; ð22Þ

where

1

tc3
¼ 1

tc1
þ 1

tc2
: ð23Þ

BecauseZ b

�b

t

1þ ðotÞ2
do ¼ 2 tan�1 ðbÞ: ð24Þ
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Fig. 2. Temperature dependence of the second moment. The graph

represents Eq. (25) for following parameters: M2 ¼ 18:47� 10�8T2, M2 ¼
13� 10�8 T2; M2 ¼ 0:3� M2 � 10�8 T2; /M2S ¼ 3 � 10�8 T2;

tc1 ¼ 10�14 � expð20:8 kJ=molÞ s; tc2 ¼ 10�14 � expð35:8 kJ=molÞ s;
do ¼

ffiffiffiffiffiffiffi
M2

p
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Fig. 3. Temperature dependencies of T�1: The graph represents

Eq. (28) for the same parameters as in Fig. 2; o0 ¼ 2p� 60 ¼
376MHz rad:
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inserting Eq. (22) into Eq. (20) we obtain

M2ðTÞ ¼/M2Sþ ðM2 �/M2SÞ2
p
tan�1 ðdo tc1Þ

þ ðM2 �/M2SÞ2
p
tan�1ðdo tc2Þ

þ ðM2 þ/M2S� M2

� M2Þ
2

p
tan�1ðdo tc3Þ: ð25Þ

The temperature dependence of the second moment is
shown in Fig. 2.
Temperature, K

Fig. 4. Temperature dependencies of T�1
1r : The graph represents

Eq. (29) for the same parameters as in Figs. 2 and 3; o0 ¼ 2p� 60 ¼
376MHz rad; o1 ¼ ðp=2Þ � ð1=3:6Þ ¼ 0:43MHz rad:
4. The temperature dependencies of spin–lattice

relaxation times

The temperature dependence of the spin–lattice
relaxation rates in laboratory T�1

1 and rotating T�1
1r

frames in the polycrystalline sample are determined by
equations [15–17]

T�1
1 ¼ 1

3
½J0ðo0Þ þ 4J0ð2o0Þ	; ð26Þ

T�1
1r ¼ 1

6
½3J0ð2o1Þ þ 5J0ðo0Þ þ 2J0ð2o0Þ	: ð27Þ

In Eqs. (26) and (27) the function of the spectral
density J0ðoÞ is determined by Eq. (21).
Inserting Eq. (22) into Eqs. (26) and (27) we have

T�1
1 ¼ 2

3
ðM2 �/M2SÞ tc1

1þ ðo0tc1Þ2
þ 4tc1
1þ ð2o0tc1Þ2

" #

þ 2

3
ðM2 �/M2SÞ tc2

1þ ðo0tc2Þ2
þ 4tc2
1þ ð2o0tc2Þ2

" #
þ 2

3
ðM2 þ/M2S� M2 � M2Þ

� tc3
1þ ðo0tc3Þ2

þ 4tc3
1þ ð2o0tc3Þ2

" #
; ð28Þ

T�1
1r ¼ 1

3
ðM2 �/M2SÞ 3tc1

1þ ð2o1tc1Þ2
þ 5tc1
1þ ðo0tc1Þ2

"

þ 2tc1
1þ ð2o0tc1Þ2

#
þ 1

3
ðM2 �/M2SÞ

� 3tc2
1þ ð2o1tc2Þ2

þ 5tc2
1þ ðo0tc2Þ2

þ 2tc2
1þ ð2o0tc2Þ2

" #

þ 1

3
ðM2 þ/M2S� M2 � M2Þ

3tc3
1þ ð2o1tc3Þ2

"

þ 5tc3
1þ ðo0tc3Þ2

þ 2tc3
1þ ð2o0tc3Þ2

#
: ð29Þ
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The temperature dependencies of T�1 and T�1
1r are

shown in Figs. 3 and 4.
5. The temperature dependence of solid-echo signal

The solid echo signals is determined by equation [9,10].

Vðt; t2; t; t1Þ ¼ b 1� 1

4

Z t1

0

ðt1 � zÞhðzÞ
� �

dz � 1

2

Z t1

0

zhðzÞ dz

� t1

2

Z t�t1

t1

hðzÞ dz � 1

2

Z t

t�t1

ðt� zÞhðzÞ dz

�
Z t�t1

0

½ðt� t1Þ � z	hðzÞ dz

� 1

2

Z tþt2

tþt2�t1

½ðtþ t2 � t1Þ � z	 hðzÞ dz

þ t1

2

Z t�t1

tþt2

hðzÞ dz þ 1

2

Z t

t�t1

ðt � zÞhðzÞ dz

�
Z tþt2�t1

t2

ðt2 � zÞhðzÞ dz

þ ðt� t1Þ
Z t�t

tþt2�t1

hðzÞ dz

þ
Z t�t1

t�t
½ðt � t1Þ � z	hðzÞ dz

�
Z t�t�t2

0

½ðt � t� t2Þ � z	hðzÞ dz þ?	:

ð30Þ

Denoting

K0 ¼ /M2S; ð31aÞ

K1 ¼ M2 �/M2S; ð31bÞ
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Fig. 5. Temperature dependence of time position (tm; ms) of the

maximum of the solid echo signal. The graph obtained from Eq. (33)

for the same parameters as in Figs. 2–4; t ¼ 16 ms; ti ¼ 3:6 ms:
K2 ¼ M2 �/M2S; ð31cÞ

K3 ¼ M2 þ/M2S� M2 � M2; ð31dÞ

and inserting the correlation function (18) into Eq. (30) we
obtain

Vðt; t2; t; t1Þ ¼ b 1� 1

2
K0 t � 2tþ t2 �

t1

2

 �h i2(

�
X

i

Kit2ciRiðt; t2; t; t1; tciÞ þ?

)

¼ b exp � 1

2
K0 t � 2tþ t2 �

t1

2

 �h i2(

�
X

i

Kit2ciRiðt; t2; t; t1; tciÞ
)
; ð32Þ

where

Riðt; t2; t; t1; tciÞ ¼ � 7

4
þ t

tci
� 3t1

4tci
� t2

tci

� 1

4
exp � t1

tci

� �

� exp � t2

tci

� �
� 1

2
exp � t

tci

� �

þ1
2
exp � t� t1

tci

� �
� 1

2
exp � t � t1

tci

� �

þ 1

2
exp � tþ t2

tci

� �
þ exp � t � t

tci

� �

þ exp � t � t� t2

tci

� �
þ 1

2
exp � t

tci

� �

þ 1

2
exp � tþ t2 � t1

tci

� �
: ð33Þ

The temperature dependence of time position of the
maximum of the solid echo signal is shown in Fig. 5.
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