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Owing to the well-developed technology, isotopic engineering of Si and Ge semiconductors permits one to
control the density of nuclear spins and vary the spin coherence time, a crucial parameter in spintronics and
quantum computing where nuclear spin is used as a qubit. In the present paper, we report on the NMR study
of 73Ge nuclear spin decoherence in germanium single crystals with different abundances of the 73Ge isotope.
Our measurements of Hahn- and solid-echo decays show that they are well fit by a superposition of two
exponentials; at that, the deviation from the single exponential is more pronounced in the more spin-diluted
sample, causing long-lived echoes. We show that the decay of these echoes becomes slower with the reduction
of 73Ge abundance and is therefore caused by dipole-dipole interaction, reflecting the fundamental decoherence
process in the spin system. The fast decay at the beginning of the relaxation process is shown to be mainly
caused by the quadrupole interaction. Our experimental findings are supported by the calculations of Hahn- and
solid-echo decays in the germanium crystals under study. Quite good agreement between the theory and
experiment is demonstrated.
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I. INTRODUCTION

Semiconductor-based architectures are quite realistic in
constructing the large-scale quantum computer �QC� owing
to the well-developed semiconductor technology. Among the
QC concepts under discussion, nuclear spins are considered
to be the ideal quantum bits �qubits� embodied in semicon-
ductor crystals, particularly in Si and Ge. The choice of Si
and Ge is determined by the fact that in both these crystals,
only one isotope �29Si among three stable Si isotopes and
73Ge among five stable Ge isotopes� has nuclear spin and
therefore isotopic engineering of Si and Ge permits one to
control the density of nuclear spins and vary the spin coher-
ence time, a crucial parameter in spintronics and quantum
computing where nuclear spin is used as a qubit. Therefore, a
number of nuclear magnetic resonance �NMR� studies have
been carried out in order to investigate the nuclear spin de-
coherence in silicon.1–4 Dementyev et al.1 and Watanabe and
Sasaki,2 who measured NMR in the Si powders with the
natural abundance of 29Si isotope, have brought an unusual
result, showing different characters of the decoherence pro-
cesses after applying the Hahn-echo sequence, on the one
hand, and Carr-Purcell and Carr-Purcell-Meiboom-Gill
�CPMG� pulse sequences, on the other hand. While the
Hahn-echo sequence yielded single exponential decay with
the time constant T2=5.6 ms, the CPMG sequence resulted
in a double-exponential decoherence process, which time
constants were evaluated as 15 and 200 ms.2 Since all silicon
atoms in the cubic Si structure are equivalent, the origin of
the observed biexponential decay is unclear. One of the rea-
sons for such a behavior may be the appearance of stimulated
echo induced by the CPMG pulse train.5

Against the intensive NMR studies of silicon mentioned
above, analogous investigation of germanium is absent, de-
spite that the Ge crystals are considered as a promising ma-
terial for spin-based quantum computers. In the present pa-

per, we report on the NMR study of 73Ge nuclear spin
decoherence in germanium single crystals with different
abundances of the 73Ge isotope. We show that accurate mea-
surements of the Hahn- and solid-echo decay envelopes yield
nonexponential echo decays and that the deviation from the
single exponential is more pronounced in the more spin-
diluted sample, producing long-lived echoes. We show that
the decay of these echoes becomes slower with the reduction
of 73Ge abundance and is therefore caused by dipole-dipole
interaction, reflecting the fundamental decoherence process
in the spin system. The fast decay at the beginning of the
relaxation process is shown to be mainly caused by the quad-
rupole interaction. Our experimental findings are supported
by the calculations of Hahn- and solid-echo decays in the
germanium crystals under study. Quite good agreement be-
tween the theory and experiment is demonstrated.

II. EXPERIMENTAL DETAILS

All experiments were performed on the single crystalline
Ge samples with the 73Ge abundance of f =1% and 7.76%
�natural abundance�, later denoted as Ge-1% and Ge-7.76%
crystals, respectively. 73Ge NMR spectra and spin-spin �T2�
and spin-lattice �T1� relaxation times were measured in the
external magnetic field B0=8.0196 T �resonance frequency
�0=11.908 MHz� using a Tecmag pulse NMR spectrometer
and an Oxford superconducting magnet. The 73Ge NMR
spectra were obtained using Fourier transformation of the
free induction decays �FIDs� and Hahn6 and solid echoes.7

Spin-spin relaxation �decoherence� time T2 was measured us-
ing both Hahn- and solid-echo pulse sequences,
�� /2�0–�– ���90–��–echo and �� /2�0–�– �� /2�90–��
–echo, respectively. Here, the subscript indicates the relative
phase of the carrier. In all echo measurements, we used 4-
and 16-step phase cycling procedures in order to suppress
residual FID signal and reduce pulse-coherent noise and ar-
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tifacts. 73Ge spin-lattice relaxation time T1 was measured by
means of a saturation comb pulse sequence. All data were
collected at the ambient temperature.

III. RESULTS OF THE EXPERIMENTS

73Ge spectra of the germanium crystals with f =1% and
7.76%, measured in magnetic field B0 applied along the
�111� direction, are shown in Fig. 1. The spectra are symmet-
ric resonances with the linewidth ��=110 Hz. When
B0 � �110�, the linewidth is ��=88 Hz. Dipolar contribution
to the linewidth can be estimated using the Van Vleck
formula.8 The diamondlike crystal structure of Ge yields the
second moment values S2=877 and 688 Hz2 for B0 � �111�
and B0 � �110�, respectively. For Gaussian line shape, it would
correspond to ��=70 and 62 Hz, respectively. Magnetic
field inhomogeneity of our spectrometer is evaluated to be
around 3 ppm. We note that 73Ge is a quadrupolar nucleus,
having spin I=9/2 and nuclear quadrupole moment q=
−0.19 b. Therefore, additional contribution to the linewidth
comes from the quadrupole interaction of 73Ge nuclei with
small random electric field gradient, resulting from the crys-
tal imperfections that cause small local deviations from cubic
symmetry at the nucleus site. In a perfect crystal, similar
contribution is shown to be induced by the isotopic disorder
among germanium atoms.9,10 Both these effects result in the
first-order quadrupolar broadening of the resonance line.
From our experimental data and calculations of the quadru-
polar effects,9,10 one can conclude that in germanium crystal
with natural isotope abundance, the contributions to the
NMR linewidth coming from the magnetic dipole-dipole in-
teraction, quadrupole interaction, and magnetic field inhomo-
geneity are of the same order of magnitude. In the isotopi-
cally diluted Ge-1% crystal, the dipole-dipole coupling is
significantly reduced. In spite of this fact, the NMR spectra
of this crystal �Fig. 1� show broader wings in comparison
with the Ge-7.76% crystal, which is evidently caused by the
worse crystal perfection and larger contribution coming from
the first-order quadrupole coupling.

Spin-lattice relaxation times were measured to be T1
=12.2±0.1 and 11.6±2.1 s for the Ge-7.76% and Ge-1%,
respectively. These T1’s are much shorter compared to those
in silicon, whose T1 is �4 h at ambient temperature and of
the order of tens to hundreds of hours in the 29Si-enriched
sample at liquid helium temperature.3,4 It is known that the
nuclear spin-lattice relaxation in semiconductors is driven by
several mechanisms. In the case of the nuclear spin I=1/2,
the most important of them is the hyperfine interaction of
nuclear spins with the spins of free carriers. At that, the re-
laxation rate is proportional to the free carrier density. There-
fore, one can suggest that the faster spin-lattice relaxation in
Ge, in comparison with that in Si, might be attributed to the
larger free carrier density in germanium. �At T=300 K, in-
trinsic semiconductor Ge crystal exhibits a carrier concentra-
tion of 2.33�1013 cm−3, while Si shows only 1.02
�1010 cm−3�. However, since 73Ge is a quadrupolar nucleus,
it should exhibit an additional powerful relaxation mecha-
nism due to the interaction of nuclear quadrupole moment
with fluctuating �due to the lattice vibrations� electric field
gradient. Verkhovskii et al.9 discussed this effect in germa-
nium and showed that the quadrupolar relaxation is the pri-
mary relaxation mechanism. Spin-lattice relaxation assisted
by nuclear dipole-dipole interaction would yield T1�1/ f de-
pendence that was not observed in the experiment, allowing
us to exclude this mechanism from the consideration.

While T1 is the time at which the energy of the spin sys-
tem is exchanged with the environment, spin-spin relaxation
time T2 is the time at which information is exchanged and
which manifests as the loss of phase coherence. Thus, the T2
scale is the important time scale for quantum computation.
To measure the spin-spin relaxation �decoherence� time T2,
both Hahn- and solid-echo pulse sequences with varying de-
lay � between pulses have been applied. It is known that the
Hahn echo6 is formed by the interactions that are linear in the
spin operators of the resonant nucleus and thus requires some
inhomogeneity of the applied magnetic field. Echo maximum
following the �� /2�0–�– ���90–��–echo pulse sequence
typically occurs near ��=�. At that, the Hahn-echo decay is
caused by the interactions that are quadratic in the nuclear
spin operators, such as dipolar and quadrupolar couplings,
since the sign of these interactions is not changed by the �
pulse. On the other hand, solid �or “quadrupolar”� echo7,11 is
formed by the interactions that are quadratic in the nuclear
spin operators, i.e., by both dipolar and quadrupolar cou-
plings, though the refocusing of these interactions by the
solid-echo sequence is not complete. Decay of the solid echo
is caused by a modified �due to the second rf pulse� Hamil-
tonian of the above interactions7 as well as by the inhomo-
geneity of the applied magnetic field. Since, as shown above,
all aforementioned contributions are present in the germa-
nium crystal and are of the same order of magnitude, both
Hahn and solid echoes are formed in the crystals under study.
At that, the echo maxima after the second pulse occur at ��
=�, except for a very small deviation from this position at the
short time domain. In the latter case, we use the term “echo
decay envelope” to refer to the decay of the signal amplitude
at the time �� as a function of the total evolution time ���
+��.

The echo decay envelopes in the germanium crystal with
the natural isotope abundance are given in Figs. 2 and 3 for
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FIG. 1. Room temperature 73Ge NMR spectra of the Ge-7.76%
�top� and Ge-1% �bottom� single crystals. External magnetic field
B0 is applied along the �111� direction. Dashed lines show the bi-
Lorentzian fit.
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two crystal orientations regarding the applied magnetic field,
namely, when B0 is along the �111� and �110� axes. In both
cases, we observe nonexponential Hahn- and solid-echo de-
cays, which may be well fitted by a superposition of at least
two exponentials,

M�t� = M1�0�exp�− 2�/T21� + M2�0�exp�− 2�/T22� , �1�

with M1�0�, M2�0�, T21, and T22 as adjusting parameters.
This is well seen from Figs. 2 and 3 that show the echo
decay in the linear and semilogarithmic scales. Decay param-
eters T21 and T22, obtained by fitting these plots, are given in
Table I.

The observed effect is much more pronounced in mea-
surements of the germanium crystal with 1% of 73Ge. In this
crystal, both Hahn- and solid-echo decay envelopes exhibit
strikingly nonexponential behavior �Figs. 4 and 5�. T21 and
T22 values, obtained from the fit of these plots, are given in
Table I.

We note that the statistical theory of NMR line shape12,13

in magnetically diluted systems with dipolar coupling among
the spins predicts an exponential FID and Lorentzian line
shape with the linewidth proportional to the nuclear spin
concentration ���� f�. In such a case, T2 should be inversely

proportional to the isotope content. One can find out from
Table I that the experimentally measured decay of the echoes
at the long-time domain, described by the time T22, becomes
slower with the reduced 73Ge abundance, and the ratio
T22�Ge-1% � /T22�Ge-7.76% � is more or less close to the re-
ciprocal ratio of the isotope contents. Therefore, we are led
to the conclusion that the slow part of the decay is caused by
the dipole-dipole interaction among nuclear spins and re-
flects the primary decoherence �dephasing� process in the
spin system.

Let us now consider the origin of the fast echo decay at
the beginning of the relaxation process. In our experiment
�Table I�, we observed that the decay time T21 of this process
is shorter in the Ge-1% crystal in comparison with the Ge-
7.76% crystal. It means that this effect is not caused by the
dipole-dipole interaction. At that, the reduction in T21 in the
crystal with 1% of 73Ge correlates with the broader line
wings observed in this crystal, which are caused by the quad-
rupole interaction. Therefore, we conclude that the initial
part of the echo decay is mainly caused by the quadrupole
interaction. Qualitatively, this effect may be described in the
following manner. For nuclear spin I=9/2, the frequency of
the central transition �− 1

2 ↔ 1
2

� is not shifted in the first order
by the quadrupole interaction, while the frequencies of the

TABLE I. Experimental nuclear spin decoherence times T21 and T22 in Ge single crystals. Accuracy is
around 10%–15%.

T21

�ms�
�Hahn echo�

T22

�ms�
�Hahn echo�

T21

�ms�
�solid echo�

T22

�ms�
�solid echo�

Ge-7.76%, B0 � �111� 5.8 15.8 4.9 40

Ge-7.76%, B0 � �110� 7.1 17 7.2 36

Ge-1%, B0 � �111� 1.8 185 2 191

Ge-1%, B0 � �110� 1.75 127 1.9 201
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FIG. 2. �Color online� 73Ge Hahn-echo decay envelope in the
linear and semilogarithmic �insert� scales in Ge single crystal with
natural abundance of 73Ge isotope. External magnetic field is ap-
plied along the �111� axis. Dashed and solid lines show single and
biexponential fits, respectively.
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FIG. 3. �Color online� 73Ge solid-echo decay envelope in the
linear and semilogarithmic �insert� scales in Ge single crystal with
natural abundance of the 73Ge isotope. External magnetic field is
applied along the �110� axis. Dashed and solid lines show single
and biexponential fits, respectively.
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other transitions are shifted and the satellite lines corre-
sponding to transitions m↔ �m−1� with m� 1

2 appear on
each side of the central line.12 Since in our crystals the quad-
rupole interaction is not large, the latter transitions are not
resolved and may be described by a broad envelope. At that,
the central transition is broadened by dipole-dipole interac-
tions only and therefore shows a narrow line. In the time
domain, these two components would cause two different
decays, i.e., fast decay caused by the quadrupole interaction
and slow decay caused by the dipole-dipole interaction. As-
suming that the aforementioned line shapes are Lorentzian,
we would obtain a biexponential decay observed in the ex-
periment with time constants T21 and T22 related to quadru-
pole and dipole couplings, respectively. This consideration
seems to be correct at least for the Hahn echo. The above
conclusion will be discussed in more detail and supported
theoretically in the next section.

IV. THEORY

In order to support the above conclusions, we have carried
out calculations of the Hahn- and solid-echo decays. The
shape of the echo signal following a �� /2�0–�–R–��–echo
pulse sequence is described by11,12

E���,�� =
1

Tr�IX
2�

Tr�e−iH��Re−iH�IXeiH�R−1eiH��IX� , �2�

where �H represents the secular terms of the spin Hamil-
tonian in the rotating frame and operator R describes the
action of the second radio frequency pulse.

The interaction Hamiltonian of the 73Ge nuclei �spin I
=9/2� can be written as

H = �
j

Hj + �
i�j

Hij . �3�

Here, Hj is the sum of the magnetic and quadrupolar energies
of a nucleus j,

Hj = − 	 jIZj + 
Qj�IZj
2 −

1

3
I�I + 1�	 . �4�

The first term in Eq. �4� is the interaction of nuclear spin
with inhomogeneous magnetic field within a sample. The
quadrupole frequency 
Qj is given by


Qj =
3e2QVZZ

�j�

4I�2I − 1�
. �5�

The second term in Eq. �3� is the secular part of the magnetic
dipole-dipole interaction between the nuclear spins i and j,

Hij = bij�IZiIZj −
1

4
�I+iI−j + I−iI+j�	 , �6�

where

bij = ��2�1 − 3 cos2 �ij�/rij
3 , �7�

r�ij is the vector connecting the ith and jth spins, and �ij is the

angle between r�ij and applied magnetic field B� 0.
As shown by Sergeev et al.,14,15 the expression �Eq. �2��

can be written in the form

E���,�� = �
k,n

ankGk����Gn��� , �8�

where

ank =

k�RnR−1�


0�0�
. �9�

The inner product in Eq. �9� is defined as


k�n� = Tr�k+n� . �10�

The vectors �k� satisfy the recurrence relation

�k� = L�k − 1� − �k−2
2 �k − 2� , �11�

where

�k
2 =


k + 1�k + 1�

k�k�

, �12�

and L= �H , . . . � is the Liouville superoperator. The functions
Gk�t� in Eq. �8� satisfy the system of the connected equations
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FIG. 4. �Color online� 73Ge Hahn-echo and solid-echo decay
envelopes in Ge single crystal with 1% of the 73Ge isotope. Exter-
nal magnetic field is applied along the �111� axis. Thin solid lines
show biexponential fits.
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iĠ0�t� = �0
2G1�t� ,

¯

iĠk�t� = Gk−1�t� + �k
2Gk+1�t� , �13�

where the function G0�t� is the FID, which appears after the
single 90° pulse.

We note that the 73Ge nuclei are randomly distributed
over the sites of the magnetically diluted germanium crystal
lattice, yielding the random distributions of the coupling con-
stants 	 j, 
Qj, and bij. Suggesting these distributions to be
Lorentzian, we calculated �Appendixes A and B� the Hahn-
echo and solid-echo decay envelopes as

E�2�� 
 0.85 exp�− 2�/T21� + 0.15 exp�− 2�/T22� , �14�

where

T21 =
1

5�Q
, T22 =

1

�d
�15�

for the Hahn echo and

T21 =
1

3.25�Q + �d + �
, T22 =

1

0.3��d + ��
�16�

for the solid echo. Here, �Q, �d, and � are the half widths at
the half height of the Lorentzian distributions of the quadru-
pole �
Qj� and dipole-dipole �bij� interaction constants in the
spin-diluted sample and distribution of the magnetic field
inhomogeneity �	 j�, respectively.

V. DISCUSSION

The expressions for the T12’s and T22’s derived in the
previous section reflect the realistic physical picture of the
spin-spin relaxation that was depicted above in Sec. III. First,
these expressions show that the Hahn- and solid-echo decays
may be described by a superposition of two exponentials,
which is in agreement with the biexponential 73Ge decays
observed in the experiment. Second, theory shows that the
rapidly relaxing component of the Hahn echo is caused by
the quadrupole interaction, while the decay of the slowly
relaxing component is caused by the dipole-dipole coupling,
as expected according to the physical fundamentals. Third,
for solid echo, the fast decay is caused by a combination of
the quadrupole interaction, dipole-dipole interaction, and

magnetic field inhomogeneity, while the slowly decaying
part is caused by the dipole-dipole coupling and magnetic
field inhomogeneity, which also follows from the physical
fundamentals. These findings explain the observed difference
in Hahn- and solid-echo decays as well.

Assuming that the statistical theory of NMR line
shape12,13 in magnetically diluted systems, predicting the
linewidth to be proportional to the nuclear spin concentra-
tion, is the case, one is led to the conclusion that T22 should
be inversely proportional to the isotope content. Such ten-
dency was observed in the experiment.

Shortening of T12 in the Ge-1% crystal in comparison
with that in the crystal with the natural abundance of the
73Ge isotope is explained by the worse perfection of the
former, which correlates with the broader wings observed in
this crystal �Fig. 1�.

Let us now use the experimental data on T12 and T22
�Table I� in order to calculate parameters �d, �, and �Q by
means of Eqs. �15� and �16�. The results of these calculations
are given in Table II. One can find that the calculated dipolar
linewidth in the crystal with 7.76% of 73Ge is of the same
order of magnitude that expected from Van Vleck’s formula8

�Sec. III�. The calculated quadrupolar parameter �Q is close
to that estimated as half width of the broader Lorentzian
�Fig. 1� describing the first-order quadrupole broadening.
This contribution is larger in the Ge-1% crystal in compari-
son with that in the Ge-7.76% crystal owing to the worse
perfection of the former, as it was mentioned above. The
evaluated magnetic field inhomogeneity is comparable to
that produced by our magnet, though the formula of T22 in
Eq. �16� yields the understated estimate of � in the case of
the Ge-1% crystal. Nevertheless, one can conclude that our
calculations yield reasonable values of �d, �, and �Q, dem-
onstrating that the theory gives quite satisfactory description
of the echo decays, in spite of the approximate character of
computations. The first approximation in our calculation is
the neglect of the flip-flop term in the Hamiltonian �Eq.
�A2��, though the condition �bij�
 �	 j −	i�, yielding Eq. �A2�,
is hardly realized in the Ge-7.76% crystal. The second is the
replacement of Eqs. �A5� and �B7� by the approximate ex-
pressions �Eqs. �A8� and �B8��, respectively. Also, we re-
stricted our calculations taking into account the first terms of
the series Eq. �8� only.

Let us now discuss the eventual application of Ge as a
material for quantum computers, in which 73Ge nuclear spins
are used as qubits. One of the main goals in quantum com-
puting is the elongation of decoherence time T2. To do this,
one should prepare spin-diluted crystals in order to reduce

TABLE II. Parameters �d, �, and �Q �in Hz� calculated from the experimental data �Table I� using Eqs.
�15� and �16�.

Isotope
content Method

B0 � �111� B0 � �110�
�Q �d �d+� �Q �d �d+�

Ge-7.76% Hahn echo 34 63 28 59

Ge-7.76% Solid echo 37 83 14 93

Ge-1% Hahn echo 111 5.4 114 7.8

Ge-1% Solid echo 148 17.6 156 16.7
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dipole-dipole interactions, which were found to be respon-
sible for the slow echo decay. Nowadays, well-developed
semiconductor technology allows successful isotopic engi-
neering and growing the pure monoisotopic 70Ge crystal en-
riched up to the level of 99.99%, which means that the con-
tent of the 73Ge isotope is less than 0.01%.16 Assuming that
spin decoherence is mainly dominated by dipole-dipole in-
teractions, our findings show that in such a crystal, decoher-
ence time T2 would be elongated up to �20 s. At that, we
neglected the other limiting factors, such as the contribution
of the second-order quadrupole interaction to T2 of the cen-
tral transition, thermal fluctuations of quadrupole interactions
due to phonons, relaxation by hyperfine couplings to ther-
mally excited carriers, etc. While a detailed evaluation of
those contributions is out of the scope of our paper, the upper
limit for decoherence time is actually fixed by the spin-lattice
relaxation time T1�12 s. This mechanism is not 73Ge spin
concentration dependent and would become dominant for
highly spin-diluted samples; at that, the quadrupolar contri-
bution to T1 will be reduced in more perfect crystals. Any-
how, the decoherence time of �12 s is quite an encouraging
result for the application of this material in SiGe structures,
which are suggested in different proposals for the experimen-
tal realization of nuclear spin-based quantum computers.17–19

VI. SUMMARY

In summary, our 73Ge NMR measurements of Hahn- and
solid-echo decay envelopes in germanium single crystals
with different abundances of the 73Ge isotope show that the
echo decay is caused by two different decoherence pro-
cesses. The fast decay at the beginning of the relaxation pro-
cess is mainly caused by the quadrupole interaction. Then,
this process proceeds to slowly decaying, long-lived spin
echoes that are caused by dipole-dipole interaction among
nuclear spins. This slow decay may be elongated by means
of spin dilution. Our experimental findings are supported by
the calculations of Hahn- and solid-echo decays in the ger-
manium crystals. The formulas for both decay parameters are
derived. Using these formulas and the experimental values of
T2’s, the reasonable values of dipolar and quadrupolar cou-
plings were calculated. The variations of these couplings cor-
relate with the variations observed in the NMR spectra.
Elongation of the slow component of the dephasing process
with depletion of Ge crystal with the 73Ge isotope is encour-
aging for the application of this material in SiGe structures
for a nuclear spin-based quantum computer.
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APPENDIX A: HAHN-ECHO DECAY IN Ge CRYSTAL

Since the dipolar term in the Hamiltonian �Eq. �3�� does
not commute with the other terms, the contributions to the
echo response �Eq. �2�� from different terms of the Hamil-

tonian cannot be separated, making the calculation of the
echo decay in analytic form impossible. Therefore, in the
present work, we use a simplified model neglecting the flip-
flop terms of the dipolar Hamiltonian and using it in the form
Hij =bijIZiIZj, which is a quite good approach for magneti-
cally diluted systems with �bij�
 �	 j −	i� �Refs. 1, 3, and 12�
and allows us to noticeably simplify calculation and to re-
ceive physically reasonable data. Using the above approxi-
mation, one can write

exp�iHt� = �
j

exp�− i	 j��exp�i
QjIZj
2 �exp�iIZj�

i

bijIZj�
�A1�

and turn from the consideration of the spin dynamic of the
system of 73Ge nuclei to the consideration of the echo re-
sponse from each 73Ge nucleus j with the Hamiltonian

Hj = − 	 jIZj + 
Qj�IZj
2 −

1

3
I�I + 1�	 + djIZj , �A2�

where

dj = �
i

bijIZi. �A3�

The final result will be averaged over the random distribu-
tions of coupling constants 	 j, 
Qj, and dj.

For the Hahn echo, the operator R=exp�−i�IX�. Using the
Hamiltonian �Eq. �A2��, Eq. �8� from Sec. IV, and results of
Sergeev et al.,14,15 we obtain

E���,�� = cos�	 j��� − ���G0��� + �� . �A4�

Here, G0�t� is the shape of FID, described by the Hamil-
tonian �Eq. �A2�� with 	 j =0. It is easy to show that

G0�t� = �1/165�cos�djt��18 cos�8
Qjt� + 32 cos�6
Qjt�

+ 42 cos�4
Qjt� + 48 cos�2
Qjt� + 25� . �A5�

Assuming the Lorentzian distribution of 	 j,

f�	 j� =
�

�

1

	 j
2 + �2 , �A6�

where � is the half width at the half height, we have from
Eq. �A4� that

E���,�� = G0��� + �� � f�	 j�cos�	 j��� − ���d	 j

= exp�− ���� − ���G0��� + �� . �A7�

Simplification of Eq. �A5� yields an approximate expression

G0�t� =
25

165
cos�djt� +

140

165
cos�bQjt� . �A8�

The parameter bQj is found from the condition
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M2 = − G̈0��t��t=0 = dj
2 +

96

5

Qj

2 =
25

165
dj

2 +
140

165
bQj

2 ,

�A9�

where M2 is the second moment of the Fourier transformed
FID signal. From Eq. �A9�, it follows that bQj

2 
5
Qj. Insert-
ing Eq. �A8� into Eq. �A7� and assuming that the distribu-
tions of dj and 
Qj can be described by the Lorentzian func-
tions

fd�dj� =
�d

�

1

dj
2 + �d

2 , fQ�
Qj� =
�Q

�

1


Qj
2 + �Q

2 , �A10�

we obtain for the echo amplitude ���=��,

E�2�� 
 0.85 exp�− 2�/T21� + 0.15 exp�− 2�/T22� ,

�A11�

where

T21 =
1

5�Q
, T22 =

1

�d
. �A12�

APPENDIX B: SOLID ECHO DECAY IN Ge CRYSTAL

For the solid echo, R=exp�−i�� /2�IX�. Using the Hamil-
tonian �Eq. �A2��, one obtains

E���,�� = exp�− ���� + ���

��G0��� − �� + M4�G2����G2��� + ¯ � .

�B1�

Here, � describes the distribution of 	 j that is assumed to be
Lorentzian,

M4� =
4
Qj

4

35
�− 8I2�I + 1�2 + 22I�I + 1� − 12�

−
2
Qj

2 dj
2

5
�4I�I + 1� − 3� . �B2�

For nuclear spin I=9/2, Eq. �B2� leads to

M4� = −
192

5

Q

2 �13
Q
2 + d2� . �B3�

Here, G0�t� is given by Eq. �A5�. As it follows from Eq. �13�,
the function G2�t� is

G2�t� = −
M2

M4 − M2
2�G0�t� +

1

M2
G̈0�t�	 , �B4�

where M2 and M4 are the second and the fourth moments of
the Fourier transformed FID signal,

M2 = dj
2 +

96

5

Qj

2 , M4 = dj
4 + 36

16

5
dj

2
Qj
2 + 3�16�2
Qj

4 .

�B5�

Using Eqs. �B3� and �B4� and assuming that dj /
Qj �1 and
that the distributions of 
Qj and dj are described by the
Lorentzian functions, we obtain

1 + M4�G2���G2��� = 1 − 0.325 exp�− 2�d��

− �1 + exp�− 2�d���

��0.385 exp�− 2�Q��

− 0.035 exp�− 4�Q��

− 0.335 exp�− 6�Q��

− 0.385 exp�− 8�Q��

− 0.22 exp�− 10�Q��

+ 0.01 exp�− 12�Q��

− 0.145 exp�− 14�Q��

+ 0.11 exp�− 16�Q��� . �B6�

Insertion Eq. �B6� into Eq. �B1� brings the following expres-
sion for the solid-echo amplitude ���=��:

E�2�� = exp�− 2��� − 0.325 exp�− 2��d + ����

− �exp�− 2��� + exp�− 2��d + �����

��0.385 exp�− 2�Q�� − 0.035 exp�− 4�Q��

− 0.335 exp�− 6�Q�� − 0.385 exp�− 8�Q��

− 0.22 exp�− 10�Q�� + 0.01 exp�− 12�Q��

− 0.145 exp�− 14�Q�� + 0.11 exp�− 16�Q��� .

�B7�

Simplification of Eq. �B7� yields an approximate expression

E�2�� = 0.85 exp�− 2�/T21� + 0.15 exp�− 2�/T22� , �B8�

where

T21 =
1

3.25�Q + �d + �
, T22 =

1

0.3��d + ��
. �B9�

We note that for short times, the expressions �Eqs. �B7� and
�B8�� coincide.
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