
6WXG\�RI�IXQFWLRQDO�PDWHULDOVE\�105�GLSRODU�HFKRHV
3�%LOVNL��1�$�6HUJHHY
���-�:DVLFNL

)DFXOW\�RI�3K\VLFV��$GDP�0LFNLHZLF]�8QLYHUVLW\���������3R]QDQ��3RODQG�
,QVWLWXWH�RI�3K\VLFV��8QLYHUVLW\�RI�6]F]HFLQ���������6]F]HFLQ��3RODQG
,QIOXHQFH� RI� VSLQ�HFKR� VLJQDOV�(�Q+�) ⋅ ��<Å − τ − ��Å; − $FT(W) KDV� EHHQ� VWXGLHG� LQ� QX�FOHDU�VSLQ�V\VWHPV�ZLWK�GLSRODU�LQWHUDFWLRQV��,Q�WKH�FDVH�RI�ULJLG�ODWWLFH��0�τF�!���DQG�WKDWRI�PRWLRQDOO\�QDUURZHG�105�OLQH��0�τF�<<���� WKH�PD[LPXP�HFKR�VLJQDOV�DUH� VKRZQ�WR�EHREVHUYHG�DW�WH =�τ + W� − W� ⁄ � ZKHUH�W� DQG� W� DUH�5)�SXOVH�GXUDWLRQV�� ,W�KDV�EHHQ� VKRZQDOVR�WKDW�LQ�WKH�VORZ�PRWLRQ�UHJLRQ��0�τF� ≈ ���WKH�GLSRODU�HFKR�VLJQDO�DPSOLWXGH�GHFUHDVHVDQG�WKH�HFKR�VLJQDO�PD[LPXP�VKLIWV�WRZDUGV�WKH�HQG�RI�VHFRQG�SXOVH��7KH�WKHRU\�GHYHORSHGDJUHHV�ZHOO�ZLWK�H[SHULPHQWDO�GDWD�REWDLQHG�IRU�1+�&O�SRO\FU\VWDO�
j°°ãË��Ë�°«� mãÒ«ÓÒË� äºãË}�ã«¯Ó©²� �mÒÎËÓÒ®� ÓÈ� °¹ÒÓ�ª²º� °Ò�ÓÈã©

(�Q+�) ⋅ ��<Å − τ − ��Å; − $FT(W) m�«�Ë¯Ó©²�°¹ÒÓºm©²�°Ò°�ËäÈ²�°��Ò¹ºã	Ó©äÒ�mÏÈÒäº�Ë®�°�mÒ«äÒ���º}ÈÏÈÓº����º� m� °ã��ÈË�ÎË°�}º®� ¯Ë�Ë�}Ò� �0�τF�!��� Ò� m� °ã��ÈË� °�ÎËÓÓº®�� m¯ËÏ�ã	�È�Ë��mÒÎËÓÒ®��ãÒÓÒÒ�Ðlc� �0�τF�<<���äÈ}°Òä�ä�ª²º�°Ò�ÓÈãºm�ÓÈ­ã
�ÈË�°«�¹¯ÒWH =�τ + W� − W� ⁄ ��� ��Ë� W� Ò� W� Û� �ãÒ�Ëã	Óº°�Ò� c � Òä¹�ã	°ºm�� �º}ÈÏÈÓº� �È}ÎË�� ��º� mº­ãÈ°�Ò�äË�ãËÓÓ©²��mÒÎËÓÒ®��0�τF� ≈ ���Èä¹ãÒ���È��Ò¹ºã	Óº�º�ª²º�°Ò�ÓÈãÈ��äËÓ	�ÈË��°«�� È�äÈ}°Òä�ä� ª²º� °Ò�ÓÈãÈ� °�mÒ�ÈË�°«� }�}ºÓ���}�}ºÓ��� m�º¯º�º�Òä¹�ã	°È�� cÈÏmÒ�È«�Ëº¯Ò«� ²º¯º�º� °º�ãÈ°�Ë�°«� °� ª}°¹Ë¯ÒäËÓÈ�ã	Ó©äÒ� �ÈÓÓ©äÒ�� ¹ºã��ËÓÓ©äÒ� ÓÈ� ¹ºãÒ�}¯Ò°�ÈããË�1+�&O�
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ODWWLFH�� ,W� KDV� EHHQ� VKRZQ� WKDW� WKH� SXOVHVHTXHQFH� (�Q+�) ⋅ ��<Å − τ − ��Å; − $FT(W) IRO�ORZV�WR�REWDLQ�DW�τ → � WKH�UHDO�GLSRODU�HFKRVLJQDOV��7KH�DPSOLWXGH�RI�WKHVH�HFKR�VLJQDOVGRHV�QRW�GHSHQG�RQ�WKH�WKH�5)�SXOVH�ZLGWKVW� DQG�W���7KH�H[SHULPHQWDO�UHVXOWV�DQG�GLV�FXVVLRQV�DUH�SUHVHQWHG�$W� ILUVW�� OHW� D� VLPSOH� WZR�� SXOVH� PRGHOVHTXHQFH�α<Å − ��;Å − $FT(W) EH�FRQVLGHUHG�7KHILUVW�5)�SXOVH�LV�D�KDUG�SXOVH�α<Å��IRU�ZKLFKURWDWLRQDO� DQJOH� LV� α = (�Q + �) ⋅ (π ⁄ �) DQGQ  � ������� 7KH� 5)� ILHOG� RI� WKLV� SXOVH� OLHVDORQJ� WKH� �< D[LV� LQ� WKH� URWDWLQJ� IUDPH�$IWHU� WKH� ILUVW�5)� SXOVH�� D� GHQVLW\�PDWUL[KDV�WKH�IRUP�
ρ(W�) = H[S(−L+W�) ⋅ ρ(�) ⋅ H[S(L+W�)� ���

ZKHUH� ρ���� LV� WKH� GHQVLW\� PDWUL[� DW� W  ��DQG�WKH�LQWHUDFWLRQ�+DPLOWRQLDQ�+ LV�>����@�
+ = − ω�,< − ��+<� ���

,Q�(T�������ω� LV�WKH�5)�SXOVH�DPSOLWXGHDQG +< = ∑L�M ELM(�,<L ,<M − ,;L ,;M − ,=L,=M )� ���
ZKHUH�ELM LV� D�GLSRODU�FRXSOLQJ�FRQVWDQW�EH�WZHHQ�L DQG�M VSLQV�>�@�$VVXPLQJ�WKDW�ρ(�) = ,= DQG�WKH�5)�SXOVHGXUDWLRQ� W� = (�Q + �) ⋅ (π ⁄ �ω�) RQH� REWDLQVIURP�(T������
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ZKHUH� K(W′′�W′) = : ∑L�N DLN(W′′)DLN(W′)___________� ����
DUH� WKH�FRUUHODWLRQ� IXQFWLRQV� RI� WKH�GLSRODUORFDO�ILHOGV� >�@��7KH�RYHUVFULEHG�EDU�GHQRWHVWKH� DYHUDJH� RQ� WKH� UDQGRP�PRWLRQV� RI� QX�FOHL��,Q�(T�������
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: = ��γ�K−�,(, + �)�1� ����
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)URP�(T�������LW�IROORZV� WKDW�LQ�WKH� FDVHRI� ULJLG� FU\VWDOOLQH� ODWWLFH� (<0�>τF�!�) DQGLQ� WKH� IDVW�PRWLRQ� UHJLRQ� (<0�>τF���)�� WKHPD[LPXP�RI� WKH�GLSRODU�HFKRHV� LV�REVHUYHGDW� WH = �τ + W� − W�⁄��� ,Q� WKH� VORZ�PRWLRQ� UH�JLRQ�(<0�>τF�≈�)��WKH�DPSOLWXGH�RI�WKH�VROLGHFKR�VLJQDO� LV�UHGXFHG�DQG�WKH�PD[LPXP�RIWKH� HFKR� VLJQDO� LV� VKLIWHG� WRZDUGV� WKH� VHF�RQG�SXOVH�HQG�7KH� WKHRUHWLFDO� UHVXOWV� REWDLQHG� KDYHEHHQ�DSSOLHG� WR�WKH�DQDO\VLV�RI�WHPSHUDWXUHGHSHQGHQFHV� RI� WKH� VROLG� HFKR� VLJQDOV� RE�VHUYHG� LQ� SRO\FU\VWDOOLQH� DPPRQLXP� FKOR�ULGH��1+�&O���,W�LV�ZHOO�HVWDEOLVKHG�QRZ�WKDWLQ�1+�&O WKHUH�DUH�UHRULHQWDWLRQV�RI�WKH�DP�PRQLXP� LRQV� DERXW� WKUHHIROG� DQG� WZRIROGV\PPHWU\� D[HV� >�@�� 7KH� �+ 105� H[SHUL�PHQWV�ZHUH� FDUULHG�RXW�XVLQJ�D� SXOVH� VSHF�WURPHWHU�RSHUDWLQJ�DW����0+]�� LQ� WKH� WHP�SHUDWXUH�UDQJH�RI�����WR�����.��7KH�H[SHUL�PHQWDO�GLSRODU�HFKRHV�REVHUYHG�LQ�1+�&O IRUWKH�SXOVH�VHTXHQFHV���<Å − τ − ��Å; − $ FT(W)����<Å − τ − ��Å; − $ FT(W)����<Å − τ − ��Å; − $ FT(W)DW�WKH�URRP�WHPSHUDWXUH�DUH�VKRZQ�LQ�)LJ����,W� LV� VHHQ�WKDW�WKH�PD[LPXP�RI� WKH�GLSRODUHFKRHV�LV�REVHUYHG�DW�WH = �τ + W� − W� ⁄ ��7KH� H[SHULPHQWDO� WHPSHUDWXUH� GHSHQG�HQFHV� RI� WKH� PD[LPXP� HFKR� WLPH� SRVLWLRQ�WH��IRU�WKH�SXOVH�VHTXHQFHV���<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)REWDLQHG� IRU� SRO\FU\VWDOOLQH� 1+�&O DUHVKRZQ�LQ�)LJ�����7KH�WLPH�SRVLWLRQV�RI�GLSR�ODU� HFKR�VLJQDOV� DUH� VHHQ�WR� EH� LQGHSHQGHQWRI� WKH� WHPSHUDWXUH� LQ� WKH� UHJLRQ7 !�����.��$W�7 !� ����.�� WKH� WLPH� SRVL�
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WLRQV�RI�WKH�HFKR�VLJQDO�PD[LPXP�DUH�VKLIWHGWRZDUGV�WKH�HQG�RI�WKH�VHFRQG�SXOVH�DQG�HFKRVLJQDOV�GLVDSSHDU��7KH�VROLG�DQG�EURNHQ�OLQHVLQ�)LJ�����DUH� WKHRUHWLFDO�FXUYHV�IRU�WKH�WLPHSRVLWLRQV�RI�WKH�HFKR�PD[LPXP��DV�FDOFXODWHGIURP�(T�������XVLQJ�WKH�UHVXOWV�RI�WKH�UHOD[D�WLRQ� VWXGLHV� LQ� WKLV� FRPSRXQG� >�@��:H� KDYHXVHG� WKH� IROORZLQJ� SDUDPHWHUV�
τF = (���� ⋅ ��−�� V)H[S������� �N-�PROÜ��57��0�____

= ����⋅��Ü��7���∆0� = �����⋅��Ü��7���7KHDJUHHPHQW� EHWZHHQ� WKHRU\� DQG� H[SHULPHQWLV� TXLWH� UHDVRQDEOH�� HVSHFLDOO\� EHDULQJ� LQPLQG� WKDW� SDUDPHWHUV� ZHUH� QRW� DGMXVWHG�7KH� H[SHULPHQWDO� WHPSHUDWXUH� GHSHQGHQFHVRI� WKH� PD[LPXP� HFKR� DPSOLWXGHV� IRU� WKHSXOVH�VHTXHQFHV����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)REWDLQHG� IRU� SRO\FU\VWDOOLQH� 1+�&O DUHVKRZQ�LQ�)LJ�����7KH�VROLG�DQG�EURNHQ�OLQHVLQ� )LJ�� �� DUH� WKHRUHWLFDO� FXUYHV� REWDLQHGIURP�(T������XVLQJ� WKH�VDPH�SDUDPHWHUV� DVIRU� WKH� WKHRUHWLFDO� FXUYHV� LQ� )LJ����� )URPWKLV� )LJXUH�� LW� LV� VHHQ� WKDW� WKH� GHYHORSHGWKHRU\� GHVFULEHV� UDWKHU� ZHOO� WKH� REVHUYHGWHPSHUDWXUH�GHSHQGHQFHV�RI�WKH�GLSRODU�HFKRDPSOLWXGH�,Q�FRQFOXVLRQ��LW�IROORZV�IURP�RXU�FRQVLG�HUDWLRQ� WKDW� WKH� WLPH� SRVLWLRQ� DQG� DPSOL�WXGH� RI� WKH� GLSRODU� HFKR� PD[LPXP� GHSHQGRQ�WKH�FRUUHODWLRQ�WLPH�τF RI�PROHFXODU�PR�

WLRQ�DV�ZHOO�DV�DQG�RQ�WKH�5)�SXOVH�ZLGWKV�'UDPDWLF� FKDQJHV� LQ� WKH� VROLG�HFKR� EHKDY�LRXU�DUH�REVHUYHG�LQ�WKH�VORZ�PRWLRQ�UHJLRQ
(<0�,,>τF� ≈ �)�� ZKHUH� WKH� DPSOLWXGH� RI� WKHGLSRODU�HFKR�VLJQDO�LV�UHGXFHG�DQG�WKH�PD[L�PXP� RI� WKH� VLJQDO� LV� VKLIWHG� WRZDUGV� WKHHQG� RI� WKH� VHFRQG� SXOVH�� ,W� KDV� EHHQ� DOVRVKRZQ� WKDW� WKH� VWXG\� RI� WKH� WHPSHUDWXUHGHSHQGHQFH�RI� WKH�WLPH� SRVLWLRQ�DQG�DPSOL�WXGH�RI�WKH�GLSRODU�HFKR�PD[LPXP�FDQ�\LHOGYDOXDEOH� LQIRUPDWLRQ� DERXW� WKH� G\QDPLFSURFHVV�LQ�VROLGV�

)LJ�����'LSRODU�HFKRHV�LQ�1+�&O DW�URRP�WHP�SHUDWXUH�IRU�WKH�SXOVH�VHTXHQFHV���<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)�W�  �����µV��τ Ü�W�  �����µV�

)LJ�����7HPSHUDWXUH�GHSHQGHQFHV�RI�WKH�GLSR�ODU� HFKRHV�PD[LPXP�WLPH�SRVLWLRQV� LQ�1+�&OIRU�WKH�SXOVH�VHTXHQFHV���<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)�W�  �����µV��τ Ü�W�  �����µV�

)LJ�����7HPSHUDWXUH�GHSHQGHQFHV�RI�WKH�GLSR�ODU� HFKR� DPSOLWXGH� ��� LQ�1+�&O IRU� WKH� SXOVHVHTXHQFHV����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)����<Å − τ − ��Å; − $FT(W)�W�  �����µV��τ Ü�W�  �����µV�
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